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0. INTRODUCTION

0.1. In the first named author’s investigations summarized in his
monograph [1], on the basis of the remarkable asymptotic properties of
the entire functions of Mittag—Leffler type and of order p,

o0 k

zZ
ENaW= L T ki)

(u>0,p>0), (0.1)
a complete theory of harmonic analysis was constructed for an arbitrary
system of rays with origin at the point z=0 of the complex plane. These
results may be considered as highly developed analogs of the classical
Plancherel theorem on the Fourier transform in L,.

It is a well-known fact that every function ¢(x)e L,(0,0) (0 <o < +o)
may be expanded in any of the two Fourier series with respect to the
system of trigonometric functions

{\/gsin%kx}:o and/or {—\}—;,{ %cos%kx}jo}. (0.2)
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The Plancherel theorems on cos and sin Fourier transforms in
L,(0, + oo} are essentially continuous analogs of Fourier series with respect
to the systems (0.2) for ¢ = + 0.

Among the general results of [1] there i1s a particular proposition which
contains the above mentioned Plancherel theorems on cos and sin Fourier
transforms in L,(0, +o0). Below we shall formulate that result and two
theorems from [17] which play a crucial role in the present investigation.

(a) First, we introduce the following notations. Let L4(0, +c0) be
the set of measurable functions g on (0, + c0) such that

+
jo g2y Vdy< +o0,  (<p<3). (0.3)

If, for g(y)e L5(0, +c0) and for {g.(»)} < L4(0, +o0) (0<a< +o0),
we have

+ oo
lim fo |2(3) — g,y 2~ dy =0 (0.4)
then, for brevity, we write

(u)

g(y)= Lim. g, (y) (0.4

a-— +oc

THEOREM 1.' Let pe(3,3) and g(y)e L0, + ). Then, in the
L,(0, + c0) metric,

) 2 qa T -
f(x)= lim. —f cos [xy+— (1 ay)} gly)y*~'dy (0.5)
a— +oo T Yo 2
and the inversion formula
‘(H) a R
g(r)= lim. " E\a( =y ) o (x) dx (0:6)

holds.

It is easy to see that the Plancherel theorems on cos and sin Fourier
transforms follow from this theorem for u=1 and u=2.

One of the main purposes of this paper is to find discrete analogs of the
formulae (0.5) — (0.6) of Theorem 1. In other words, we are interested in
series expansion theorems similar to Fourier expansions with respect to the
systems (0.2).

!See [1, Theorem 4.2] for p=1.
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(b) In [1] some rather general theorems were also obtained on a
parametric representation of an entire function of finite order p >} and of
normal type <o such that the square of its module is integrable with
respect to the weight r® (—1 <w < 1) along a given system of rays with
origin at the point z=0 (see [1, Theorems 6.10-6.16}).

Now we state the second theorem which we use below and which is a
simple generalization of the well-known Paley—Wiener result.

THEOREM I1.>  The class Wi, (—1<w <1) of entire functions f(z) of
order p =3 and of type <o with

j” /()2 X2 dx < +o0 0.7)

coincides with the class of functions

fe) =] Eipl =2z o ol d, (08)

where p=w+3 and where @(t)e L,(0, 6) is arbitrary but uniquely deter-
mined by f.

Finally, the third important result is

TueoreM 11> Let pe (3, 3) and o(t)e Ly(0, o). Then the integral (0.8)
determines an entire function f(z)e W33 with

[ e ar< [ oo . (09)

where = pu—3.%

0.2. The paper is organized as follows. In Section 1 we recall a number
of preliminary results which are mainly contained in the authors’ papers
[2,3,4]. Among these preliminaries the results on the character of the
zeros distribution and on the behaviour of the function

E,(z;v)=E,p(—0’z; 1 +v), 0<v<2, (0.10)

on the semi-axis (0, + o0 ) are especially important.
In Section 2 we consider entire functions belonging to the class

+ o0
W{’/-‘z‘ja:'[o [f(x)]? x* dx < 40 (l<p<+oo; —l<w<p—1>)

(0.11)
2See [1, Theorem 6.10].

3See [1, Theorem 4.1] for p=4, —l<w<1land py=w+3.
4 The sign = denotes that the ratio of the integrals lies between constants independent of x.
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and prove our basic Theorems 2.1-2.4 which assert that these functions
may be represented by interpolation series with nodes in the zeros {1} <
(0, +00) of &,(z;v); there are two kinds of such interpolation series with
respect to the two assumptions on the parameter ve [0, 2).

Further, essentially on the basis of Theorems I, II, III above, in
Section 3 we pass from the interpolation theorems for classes W7y, of
Section 2 to the construction of the functional systems, which are (after a
suitable normalization) the Riesz bases for L,(0, g). These systems are the
natural analogs of the trigonometric systems (0.2) and may be reduced to
them for w = +1. At the same time, following [2], we are able to write
expressions of that and biorthogonal to them systems in terms of F,,
(Theorems 3.1-3.5).

Finally, we note the deep fact that the systems of Section 3 are closely
connected with singular boundary value problems for differential operators
of fractional order. These boundary value problems have essentially new
nature. The authors intend to devote another paper to this question.

1. PRELIMINARIES
1.1. First we introduce some classes of functions and discuss some of
their properties.

(a) Let H7 (0<p< +coc) be the class of functions, which are
analytic in the half-plane

Gt={z +Imz>0} (1.1)
and have a finite norm
+ x Up
lo*l,= sup {f |<pt(x+iy)|f’dx} < 4. (12)
O<y< +x S
Then the following assertions hold (see, for example, [2 or 5]).

1. If ¢*(z)e H’,, then the boundary function

lim o*(xtiy)=¢@*(x)eL,(—o0, + o) (1.3)

g— +0
exists almost everywhere on ( — o, + oo ). Further

lo*l,= 'limo o™ (x i),
e (14)
lim [o*(x)—@*(xtiy)l,=0,

yv— +0
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and we have the inequality
lo=(x v, <llo=],. (15)

Note that the classes H’ with the introduced norm are Banach spaces
provided by 1 < p< +o0.
Let ¢(7) be a measurable function on (— o0, + 00 ) with finite norm

+ o 1/p
Ilwllp_K=<j I(p(t)|”|t+i|"'dt> < 4o

(1.6)
(I<p< 4o, —l<k<p—1)
Then the Cauchy type integral
1 p+= (1)
+ Z)=— —-—d z * 1
O eG*, (1.7)
has the following properties (see [2, Sect. 3, Theorems b, B, I'):
2. For the functions
(z+0)r, zeG*T,
in the z-plane with sht (—ico, —i) (resp(i, +ioc)), we have
(zxiyrd*(z)eH", (1.8)
whereas
Hx £y &= (x)l, < Cilloll,.,- (1.9)

(b) Let Wi+ (1<p<+w; —l<wk< +o0) be the set of entire
functions f(z) of exponential type <o with a finite norm

=] s ax) < e (1.10)

Then the following assertions hold

3. For every function f(z)e Wo* (1 <p< +o0; —l <Kk < +0) we
have

SELCL+|z) ™A f) L zet, (111)
and for all ye [0, + o)
1< Cs [ I i)l dx
<Cof Ui lxE iyl dx (1.12)

- 20
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Further, it follows from (1.11) that the class W/ with the norm | /|, is
a Banach space (see [2, Lemmas 2.2 and 2.3]).

(c) Finally, we also define the class W4y, (1 <p< +oo;
— 1 <w< +w0) of entire functions @(w) of order  and of type <o such
that the norm (1.13) below is finite

1217, = (J; " @) u du) T< ot (1.13)

From the above definition we have

4. If d(w)e WPs,, then
flz)=®(z2)e Wpi+2e (1.14)

and

“dsupm er“p.lﬁ»l(u' (115)

1.2. The entire function of Mittag-Leffler type of order p =1 and of the
type 1 is defined via the expansion

k

z

E\p(z g T #>0 (1.16)

It is easy to see that for u=1 or u=2 we have

El/z(_22;1)=COSZ, El/z(—22;2)=81n2.

(1.17)

z

For every p e (0, 3) the function E;,(z; u) has the following asymptotical
property (see [1, Lemma 3.5]).

5. For O<argz<m respectively for —n<argz<0 and for
—1<v<2 we have

1 I 1.2 ..l 1
Epzl+v)=zz e +etme Z}+0< > Iz = o0.  (1.18)

2

In particular, for 0 <x < +o0,
v 1
Eip(—x;1+v)=x""?cos (ﬁ—gv>+0<;), x— 400,  (1.19)

For the later purposes it is convenient to introduce the entire function
E(z;v)=E p(—0%z; 1 +v), >0, (1.20)

of order { and of type o.
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Together with the asymptotic formulae from 5, the following result (see
[2, Lemmas 1.3’ and 1.3]) is also necessary for us.

6. The two-sided estimation
I6,((x L iysv)l < |x+il ™', —w<x< 4o, (1.21)

holds. In the angular sectors

@, = {z:
we have also

&5 =< +z)) " e™  ze@, VD . (1.217)

argz¢5'<f,1<4z|< +oo}
3|<37

Now we give the necessary information on the distribution of zeros of
&(z;v). The required properties of these zeros follow from [2,
Lemma 1.1].

7. All the zeros of &,(z;v), 0<<v <2, are positive and simple. Let
{4} F(0<Ar<ii,,) be the sequence of zeros of &,(z;v). Then the set

{x =t/ A} of all zeros of &,(z%v) lies on the line Imz=0 and is
symmetric with respect to the point z=0.

8. The distribution of the zeros of &,(z;v) is: For v=0 (resp.
0<v<1) we have

T 7 \* T n\% [7n 7\*
Ar=|—-k—— By z -
P <0k 26) resp /ke<<ak 20) ,<0_k+20) >
(1<k< +00) (1.22)

For v=1 (resp. 1 <v<2) we have

,lk:(Ek)z resp. ﬂvke<<zk>2, <Ek+5>2>
o a o o
(1<k< +w) (1.22%)
In particular,
A=< {1+ k)% [xl=|x_i | <1+k (1€k< +o0). (1.23)

Moreover, the asymptotical behavior of {1,}% is also known.

9. ForO<v<lorl<v<?2,

; _z i . v
\/fk_gk+26(v 1)+ 0(k*?) (1.24)
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and for v=0 (resp. v=1),
; us T ) .
\/Tkzgkw— <resp.V//v,(=—k>(l<k< + o0 (1.25)
20 o
Using these facts, we prove

LEMMA L1, If {4, 17 (0< A, <ZAiiy)is the sequence of zeros of &,(z;v)
(0<v<?2), then for all k=1, 2,... we have

EL A vy=(24,) & Ay —1) (1.26)
and
|6, (Apsv— 1) =< (1 +k)' (1.27)

Proof. It is easy to verify that
E\ -0’z v)=vE _0'22; 1+v)
—20%2E s(—0%z; 1+ V).

Now setting z = 4, and using (1.20), we obtain (1.26).
In order to prove (1.27) we use (1.19), where we set x = ¢°4, and replace
v by v— 1. Then we obtain the formula

1
E o~ v)=(024,)"2" ¥ cos <a\/7k+g(1 - v)> +0 <7>
k

1
= —(a%4,)"*" " sin (a\/}Tk—Ev +0<—)
2 1
(k=1,2,.). (127"

Now, using the asymptotical formulae (1.24)-(1.25) for \/7; and the
double inequality (1.23), we obtain

, I
Eyo( =02k v) = (a24,) 00 "’cos[nk+0(k"‘2)]+0()—>. (1.28)
vk

But since 0 <v<2 implies 3(1 —v)> —1, and we have, by the definition
(1.20),

E(A;v—1)= El/z( ’Uz;tk; v),
(1.28) implies the limit relation

lim (1+4&) Y& (A v—1)=rt""

k— o0

and, in particular, (1.27) follows.
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LemMMA 1.2, Let l<p< +ow and ~1<w<p—1. Then
1. Forv>=0,

&.(z;v)

Ep(—0%z;14v)

a
Z_A.k Z_Aﬂ.k

eWwps, (k=12 (1.29)

and for v <2(1 4+ w)/p,
(V)= E H(—o’n 1+ v) g Wy (1.30)
2. Forv>2(1+w)p,

&z v)

o=y

eWpy, (k=12 (1.29")
and for v <2,
26,z v E WY, (1.30')

Proof. Tt is obvious that the function in (1.29) is an entire function of
order 1 and of the type g. Using the asymptotic formula (1.19), we obtain

-

|E, ,(—a’x; 14+ v) <C(1+x) *7, 0<x< +o0, (1.31)

where C > 0 is independent of x.
First, it is obvious that

1 ﬁ XV 14
f ZASTRY NN (1.32)
0| X— A,
Second, let us see that by (1.31)
5 ) 7 2 ’
ﬂ;) X< Clk) x® 1 1< x< 40, (1.32')
X — vk

where C(k)> 0 are constants.
Since w —p(1 +v/2)< —1 is provided by v=20 and —-l<w<p—1, we
also have

P

GV o gy < o (1.32")

X— Ay

J‘+x
1
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Therefore, by (1.32") and (1.32”) we can easily deduce the inclusions
(1.29) of the lemma. In order to prove (1.30) we observe that (1.19) implies

CoS (O’J;—gv)

vi2

(6°x)

C )
<|E1,r'2(‘0'2x;1+")|+ (»’J),
X

I<x< 4o,

where C(v, o) >0 is independent of x.
Using the well-known inequality (a + b}’ <27(a” + b7), (0<a, b< +o0)
we obtain for all R> 1,

R T
cos <a X_E v)

R
< jl |y —02x; 14 v)]7 x¥ dx + Cy(v, a)j

1

4
x(u - pv/2 dx

(207 |

1

R dx
xpf(u'

In view of v<2(1 +w)/p and w<p—1 it is easy to see that in this
inequality the left integral becomes to 4+ o0 as R — 400, and the second
right integral converges. These imply (1.30). The proof of 2 is similar.

1.3. Finally, we also give three important embedding theorems (see [2,
Lemmas 3.2 and 3.1]).

10. If p*(z)e H”, (1< p< 400), then we have
+

Z |(pi(xkiiy)|p<cl”(pi”;a (1.33)

R= o

for all ye (0, +00) and x,=0.
1. Ifflz)e Wrr (1 < p< 4+00; —1 <k < +c0), then

—+ o

Y £ in)I” (L + kD < Gl fI15 (1.34)

ko= —ox
where C,>0 (j=1, 2,..) depend neither on ¢ *(z), nor on f(z).
At last, this and definition 4 of W75 imply directly:
12. fd(w)e Wy, (1<p< +o0; —1 <w< +o0), then

i [P +k) 2 < C{ 1D 3 - (1.35)

k=1
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2. INTERPOLATION THEOREMS AND BASES FOR W15,

2.1. Let, as above, {4, =x%,}{° be the sequence of the zeros of
Ez;v)=E p(—0%z; 14 v). (2.1)

Recall (see Sects. 1, 7, and 8) that for 0 <v <2 all these zeros belong to
(0, +o0). They are simple and

L=< (1+k)?,  1<k< +oo. (2.2)

(a) Let us consider two formal series

_ b . 2/1,(6&6(2; V)
(D(h)_k; Cx EfAsv—1)z—A) (2.3)
Y(z)=doF(1+v) E,(z;v)
& 2z8,(z; v)
+k§] dk é’;(ik;v— 1)(2_,{’()’ (24)

where {c,} and {d,}& are complex sequences.
In view of (1.26) of Lemma 1.1 the sums of these series satisfy the inter-
polation conditions

d(L)=c(l<k< +0),  P(h)=d(ly=00<k< +x). (2.5

First, we are interested in conditions under which @(z) and ¥(z) belong to
Let /"™ (1< p< +00; —1<k< 4+00) be a Banach space of sequences
{a,} = C with finite norm

0 1/p
H{ak}llp,x:( Y |ak|"(1+k)“‘> < +oo. (2.6)

k=1

LEMMA 2.1. Let {c jrel”'*?, {djgel” ™ (1<p<+w;
—1l<w<p—1). Then for

21
0<v<(—:ﬂ (resp. 0 < v <2), 2.7)

the series (2.3) (resp. (2.4)) converges absolutely and uniformly on every
compact subset of complex plane. The sum ®(z) (resp. ¥(z)) of this series is
an entire function, which satisfies the interpolation condition (2.5).
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Proof. Let KcC be a compact subset without any zero [4,}; of
& (zv).
For all 1 <n<m < +oo and all segments of the series (2.3) we have

20,6,(z1v)
4¢)n.m(‘:)| = Z C/\ ° (5 . a ~ B
iZa o Sl v =Dz = 4)
O q
<B, ) tek,

G (A v =1
where

24, 6.(z;v)

B, =sup max -
— A

teKIgshk< + 2

is, of course, finite. Formula (1.27) of Lemma 1.1 and the Holder inequality
imply

m

I(pn.m(:)| SBZ Z }(Al(l +/‘)\ !

k=n

m 1:gq
<Bl|l{(‘k}xl|p.]+2m{ Z (l +k)q(" : (1+2t!)),’[7i} 5 :EK’

k=n

where ¢ = p/(p—1).

But for y <2(1 +w)/p we have ¢g(y — 1 — (1 +2w)/p) <y and hence the
second sum above is a segment of a convergent series. Therefore for all
| <n<m< +oc we obtain the estimation

|¢n.m(z)1 <B3”{(’k}:;1”p.1+2““ :EK,

where B, >0 is independent of n, m.

Now in view of the condition {c,} e /"' *?* via passage to the limit we
obtain the required assertions about the convergence of the series (2.3) and
properties of its sum @(z).

The assertion about the convergent nature of (2.4) provided by 0 <v <2
may be proved similarly.

(b) Now we prove the basic interpolation theorems.
THEOREM 2.1. Let {c,}Fel™ ™ (1<p< +ow; ~l<w<p—1) and
let the parameter v (0 < v < 2) satisfy the condition

2l +o)
4

2(1 +w)

I<v< (2.8)
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Then the series

& 24.6,(z;v)
®d(z)= c -
) El “E (M v—1)(z— )

converges to an entire function ®(z) in W5, metric, whereas
D) =cll <k < +00), NP7, = I{ci} o0 (2.10)
Proof. As above, put

m 25, E(z;v)
D,m(z)=) ¢ —.
L E(zv—1)z—4,)

k=n

Then Lemma 1.2(1) implies that @,,,.(z)e W5, whereas

+ %
(102,17 = [ 19,0017 x" d
0

+
.—_f |‘D,,,m(xz)|"|x| U200 g
ps

Using the inequality (1.12) of 3 (Sect. 1) and putting

" ch/:Vk
EplAgiv—1)(z"— 4

Pumlz)= (2.11)

k=n
we obtain from the inequalities (1.21) of Section 1(6)

{ “(pn,mH:m } F= ” (pn.m(xz)H fx‘l + 2w

+ x
<By [ 1@, L+ 02117 + 1172 dx

—

+
:B[J |(g)o'[(x+l')2’v] ([)’Ivm(x+l')|l7|x+l'|l+2w dx

+ o
SB[ @unlx+ DITIx 411 d, (2.12)

— X

where w, =1+ 2w — pv belongs to (—1, p—1) in view of (2.8).
But the Hahn-Banach theorem implies

2

1@umlx + D)l = sUp {UMOwn,m(x+i)g(x)lx+iI‘”‘/”dx

gl <1 —®©
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and hence there exists a function Gy(x) such that Gy(x)|x+i] e
L, (=00, +oc) with norm

+ oo Lig
||Go|q,w2:<j |G0(x)|"|x+f1wdx> <1,

where w,= —qw,/p and —1 <w, <g— 1 again, whereas
. +
NPumlX + D) oy <2 J <an(X+l) olx) dx|. (2.13)
Now let us consider the Cauchy type integral
+ 7 Golt
Gz)= | Gl 4y mz <,
o« 1 —2Z
which has the properties
Gz)(z—i)"e HY , 1G(x)(x — i), < B, (2.14)

by 2 (Sect. 1).
If we calculate ¢, ,,(x + i) by (2.11), substitute this value in (2.13), and
recall that A, = xZ, then we obtain via calculations of residues

i 2¢, 4 +x Golx) dx
1 (X + D) pny <2 K2k j 0

X Edsv—1) o (x+i) —x?

k=n"0

m 4
Zg“f [Gx, i)—G(—xk—o]‘

k—n (A v—1)

" dep/ A G(x, " de ) G(— X4
\,;,, 8,(d;v—1) En Ehsv—1) |
=1 +17),. (2.15)

In order to estimate /') we use the Holder inequality and note that
o= A= 14k, &G v—1)=(1+k)'"" k=1
Then by (2.15) we obtain

m

1:,';<B4u{ck}:’||,,mu,{ 5

k=n

1/q
Golre — D]4(1 +k)w2} ,

and therefore by the embedding Theorem 10 (Sect. 1) and by the second
inequality of (2.14) we obtain the estimation

L) < Bsll{ci )t 4 20 I<n<m< +oo.
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By a completely analogous consideration we can also obtain the estimation

1(2) <[,'6“{Ck};"”p,l+2ms 1<n<m< +wa

n.m

of the second summand of (2.15).
In view of (2.13), (2.15), and (2.12) these estimations imply

||¢nm||p(u<B7H{Ck}nm“p,l+2m’ 1<n<m< +CX)7 (216)

where B;>0 (j=1, 2,...} are constants independent of n, m.

Since {c,} /"' 72, by (2.16) we have [®,,]1%, >0 as m,m—> +oo.

Therefore the series (2.9) converges to @(z)e Wiy, in W75, norm, and
H¢||:()<BSH{Ck}||p‘l+2m' (2‘17)

Since the interpolation properties of @(z) were established above and the
opposite inequality to (2.17) follows from 12 (Sect. 1), the proof is
completed.

THEOREM 2.2. Let {d 3 el™ ™ (1<p<+o0; —1l<w<p—1) and
the parameter v (0 < v <2) satisfy the condition

2(1 2(1
(_+_w)<v<1+ﬂ, (2.18)
P p
Then the series
Y(z)=do I'(1+v)éE,(z;v)
2z8.(z;v)
+ Y -

k=1 /tk,v—l)(l__./ ) (219)

converges to an entire function ¥(z) with respect to W15, metric, and
Y(h)=d (0O<k< +0), P10 >=<H{d}&lp 20 (220)

Proof. This theorem is similar to Theorem 2.1, and therefore we shall
give only a sketch of the proof.
It follows from Lemma 1.2(2) that for all I<n<m< +w0

2z8,(z;v)
z d -
Pl Z “E (v —1)(z— 4

”n

P
eEWiSes

and hence ¥, . (z*)e W2+ Further, putting

o 2zd,
=X & v— 1022 =AY

k=n

640/50/4-2
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and making use of inequality (1.21), we have

~oto
{ H W;un”:u}p<{/l J I'{I”.,”[(x+l')z]!l’lx_*_l"l b dx. (22‘)

X

Now, by repeating the arguments and calculations used in the proof of
Theorem 2.1, we may conclude that there exists a function H,(z) with
Hy(x)|lx+i| “*7eL,(—oc, +o), where w;=2w+1+p(1—v) and by
(2.18) we have —1<w,<p—1.

Furthermore

1t D <2 || Wb By de . (222)

Further, if we consider the Cauchy type integral

+x< H (t
O(H)dt, Im z <0,

B4 p4

H(z)zj

then we obtain the estimations

- 4d, J** (x+1) Ho(x) dx.

” lIln.m("( + l‘)Hp‘w] g Z

L6 Qav=1] L (x4 =N
<Y ————H(x,—i
E,,om,v—u b=
m 8d/\
+ ———  H(—x,—1)
E,,éﬂ(zk;vq) g
- 1511121 + 1:;)m

Again, using the relation |&,(4,;v—1)| = (1 +k)' ¥ we may apply the
Holder inequality and the embedding Theorem 11 (Sect. 1) to obtain

m

lq
157{}11<92H{dk}:ln“p.1 +2w{ Z |H (1 +k)104}

<@3‘|{dk}:1”p.1+2m (wg= —(q/p) w;).
Similarly we also obtain
[(2) < Q‘l” {dk}:yan,l + 2w

nm

and from it (more exactly, from (2.21) and (2.22)), according to the two
latest estimates, we obtain

qunm‘pu<@5“{dk}:'“p,l+2n) (O<n<m<+w)’

where all 2,>0 (j=1, 2,...) above are constants independent of n, m.
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Since {d,}g el”'***, we have ||¥,,,l*,—0 as n,m > +oo. Therefore
the series (2.19) converges with respect to the W¥, metric and hence the
proof is completed.

2.3. Here we first establish the converses of Theorems 2.1 and 2.2.
THEOREM 2.3.  Assuming

2(1 4+ w)
p

21
ey vy,
p

every function ®(z)e W9 (1< p< 400; —1<w< p—1) can be expanded
in the series

Z'Ikga(z; V)
G v —)(z—1)"

®(z) = i (1) (2.23)
k=1

which converges uniformly on every compact subset of C with respect to the
Wrs  norm.

Proof. The assertion about the nature of the convergence of the series
(2.23) follows from the embedding Theorem 12 (Sect. 1), Lemma 2.1, and
Theorem 2.1. It is obvious that the function

24,.6,(z;v)
E (A v— 10z —Ay)

D (2)=d(z)— Z D(Ay)

k=1
belongs to W{  and
D, (4,)=0 (1<k< +x0). (2.24)
Now let us define the function

¢*(zz)

HD=F 2y

(2.25)

which, by (2.24), is an entire function of the exponential type <o (see, for
example, [6, Chap. 1, Sect. 9]).

In view of the estimation from 6 (Sect. 1) we have in the angular sectors
9, ={z|argzF n/2| <m/4, 1 <|z| < +00} the estimates

|6,(2% v)| =< (1 + |z]) =" e?tm=l, ze9,. (2.26)

On the other hand, since @,(z)e W{5,, we have @, (z*)e Wr!'+2* and
hence the inequality (1.11) of 3 (Sect. 1) implies

|®,(22) S C(1 + |z]) I H2ve eolim=l @ |1 (2.27)

p.w*
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Now (2.25), (2.26), and (2.27) imply the estimation
1Q(2)] < Co(1 + |z])r P2ortie e,
and since v < 2(1 + w)/p, we have therefore
|2(2)] < C5(1 + [2])'7, e, (2.28)

where C;>0 (j=1, 2, 3) are constants independent of z.

Since Q(z) is of exponential type and [2(z)||1 + |z||) ~'” is bounded at
the boundaries of the domains %, by (2.28), it follows from the
Phragmén-Lindeldf principle that it is bounded in C. Hence we have
2z)=a,, e,

D (z)=ay6,(z;v). (2.29)

However, @ (z)e W15 and by (1.30) (see Lemma 1.2(1)), &,(z;v) ¢ Wiy,
Therefore the identity (2.29) leads to contradiction unless @ ,(z) =a, =0,
and the theorem is proved.

THEOREM 2.4. Assuming

2(1 2(1
L‘“QKHQ@ (0<v<2),
P P
every function WY(z)e Wiy (l<p< +w; —l<w<p—1) may be

expanded in the series
Yi)=¥O0) (1 +v)&(z;v)

228 (z;v)
Sz v— 1)z =24

+ 2 P(i,) (2.30)

which converges uniformly on every compact subset of C with respect to
the W09 norm.

Proof. The convergence nature can be established as in Theorem 2.3.
Let us introduce a function

Y.2)=P2)—PO)T(1+v)E(z;v)

2z8,(z;v)
(s v—1)0z—=1)

RAF

k=1 fa

belonging to W79, and satisfying the conditions

¥ (l)=0 (0<k< +00;4,=0).
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If we consider the entire function

_ Y.(z%)
@)= T

then using the Lemma 1.2(2), the arguments similar to those of
Theorem 2.3 imply ¥ ,(z) =0, and the theorem is proved.
The above theorems imply the following uniqueness theorem.

THEOREM 2.5. Let @(z)e W{3, (1<p< +o0; —l<w<p—1) and let
{Ac}© be the zeros of

Ezv)=E —a’z; 1+v).
Then the identity ®(z)=0 follows from
1. @(4,=0 (1 <k < +oc) provided

2(1+ o)
p

2(1 + w)

—l<v< 0<v<?)

or from
2. D(A)=0 (0<k < +00), where A4y =0, provided

I 2(1
M_)<V<l+w
P p

(0<v<2).

On the basis of Theorems 2.1-2.4 we also obtain the following general
result.

THEOREM 2.6. 1. Let {1} be the zeros of E|,(—0%z;1+v) (0<v<2)
and

2(1 + w)
p

1
ey 20O (2.31)
p

Then the series of the form (2.9) establish a one to one continuous mapping
of the space of all sequences {C,}*el™*?* (1<p< +0; —l<w<p-1)
onto the space of all entire functions ®(z)e W19, whereas

P(A)=cil{l Sk < +00), @1 = H{ee} 7 pa + 20

X%
2. Let {4} be as above but in the case

2(1+w)
P

21
<v<i +%ﬂ). (2.32)
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Then the series of the form (2.19) of Theorem 2.2 establish a one to one
continuous mapping of the space of all sequences {d, }; €!”'**” onto the
space of all entire functions ¥(z)e W1, , whereas

P(i)=d(0<k < +x), LI, = i { d, }0/ Hp‘l + 200

P

where 4,=0.

For later purposes it is expedient to introduce brief notations for the
systems of entire functions, which play a role in the above expansion
theorems. Namely, put

2 Eip(—a’z;1+v)
El;z(‘azil\i v)(z —4g)
24,6.(z;v)

w(z)

== - 2.33
Sy DG 1) (233
(k=1,2,..)and
oF(z)=T(1+v)E s(—0c’z; L+v)=T(1+v) &(z;v),
- (2.34)
WE(Z)=—w(z) (k=1,2,.).
A
Then we have the two functional systems
{wlz)) e Wi, and (wF() g e WP, (2.35)

and for p=2, Theorem 2.6 may be reformulated as

THEOREM 2.7. 1. Let{i,}¥ be the zeros of E,»(—a°z; 1+ v) where
ve(w, 1 +w)n [0, 2), —l<w<l. (2.36)

Then, after a suitable renormalization, the system {w,(z)}] forms a Ries:
basis for W3 .
2. Let {A,}& be the zeros of
zE p(—07z; 1+ v) (i.€., Ao =0),
where
ve(l+w, 2+w)n[0,2), —l<wo<l. (2.37)

Then, after a suitable renormalization, the system {w}¥(z)}§ forms a Ries:z
basis for Wi,
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In the end of the paragraph we show three particular cases of the choice
of v, when the sequences {1,}, the functional systems (2.33)-(2.34), and
hence the interpolation series of Theorems 2.1-2.4 and Theorem 2.6 will
take the simplest form.

. If —l<w<p/2—-1 (1<p< +ow) and v=0, then it is easy to
verify that condition (2.31) of Theorem 2.6(1) is satisfied. In this case the
expansion (2.23) (see Theorem 2.3) becomes

~ 1\ 1? k-1 z
Z Al(p(l:E(k__):l > ( /2) cos a\/_T (2.38)
o 2 z— [(n/o )k —1/2)]
2. If (p/2)—1l<w<p—1 and v=1, then condition (2.31) of
Theorem 2.6(1) is satisfied again, and Theorem 2.3 implies the expansion

(TN E Ko z) sinay/z
o=2(3) L RS e

3. f —l<w<(p/2)—1 and v=1, then it is easy to verify that con-
dition (2.32) of Theorem 2.6(2) is satisfied. Hence the expansion (2.30) (see
Theorem 2.4) can be written in a form

N|=I

Z, (1)“1'(<; > >\/_S"“’\/. (2.40)

—(nfo) k

Of course, the above estimations of the norms are also valid for these
particular expansions.

3. BIORTHOGONAL BASES FOR L,(0, g}

3.1. First we prove three lemmas.

LEMMA 3.1.° For all 0<oa<f< +oc and for arbitrary complex z, A
there the formula

Hei )= [ Eyal—2%a) v B = Ao =) f)lo )" de

:E,,/z(—azz;a+[f—2)—El/2(—62}L;a+ﬁ—2)6d+l}73

A—2Z

(3.1)

is valid.

SSee [ 1, Chap. 37, particular case of the formula (1.21).
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Proof.  Using the expansions

Elo—zt a)= 3 ~1 ”~—————:” i
ol =2 ) ,,Z(,( N FaTany
5 x /‘vm(o_ _ ,L_)Zm
E (Ao —1);5 )= (= 1)" —m——,
2 ZO ) (B +2m)

we obtain for 4 #z,
‘,"'” ot o

IZ' : _ X x _1 n+m - 4o 1 . m+f 1)
(zsi)=3 X (=1) [“(oc+2n)1‘([3+2m)f t (0 —1) dr

n=0m=0 0
P x :”),'”0‘2(”+’N) Fa+ff-1
— Z Z (_ )n+m 7
a=0m=0 (a+/3+2(n+m))
« k :H/"L’\ —no_Zk
O_az + 4~ (_1)A
A’go ng() r(“+ﬂ+2k)
E S B 24 :k+l#/-k&l
Ty oyl )
=i =, o+ B+ 2k)
_:El"z(_o—z‘:;a+ﬁ—)'7i‘El,2(7O'z}';a+[3)0.1+/f l. (3~]r)

Hence, using the obvious identity
zE oz p+ 2y =E oz ) — 1T (),

we obtain formula (3.1) for all AeC.
In Section 2 we defined the two systems {w,(z)} and {wF(z)}; of
entire functions where

_ 2 E o~z 1+ v)

O = Tz~ Ay
:(5",,(/1,(2 ;A: f(12;(; )#/:k) (32)
(k=1, 2,..), whereas
W (A,) =0, (k,n=1,2,.), (3.2%)
and
wFy=T(1+ V) Ez(—0672; 1 +v)=T(1 +v) &,(z; v),
(3.3)

~

w¥(z) =)L wilz)y (k=1,2,.),

“k
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whereas
wF(d,) =0, (k,n=0,1,2,.). (3.3)

According to Lemma 1.2 we have for p=2and —l<w<1:

1. fve(w, 1+w)n[0,2), then the system of functions (3.2) lies in
W2y . Therefore by Theorem II (Sect. 0) these functions admit an integral
representation of the form

w(z)= J: Ep(—tzp) e ol de (k=12 (34)

where u =3+ and the functions ¢,(1)€ L,(0, o) (k =1, 2) are uniquely
determined.

2. Ifve(l4+w 2+w)n[0,2) then the system of functions (3.3) lies
in W2y and Theorem II (Sect. 0) again establishes an integral represen-

tation of the form

wf&)zL)Em(«r%”Ur“”mfu)dr (k=0,1,2,..), (3.5

where p =3+ o and the functions ¢ ¥(r) € L,(0, o) are uniquely determined.
Using Theorem II (Sect. 0) we may invert formulac (3.4) and (3.5) and

write the required functions ¢,(7) and ¢}(t) as improper integrals; but the

calculation of them is, probably, rather complicated. However, one is able

to find the explicit values of these integrals using the methods of [2].
Now we prove

LemMma 32, L. If 0<v<2, O<u<3+v, then the functions of the
system (3.2) may be represented in the form (3.4), where

24,677

V?gdel/z(—ik(a—T)z;ﬁ)(o—r)‘]" (3.6)

Q)=

(k=1,2,3..)and i=3+v—p.

2. If 0<v<2, O<pu<1+v, then the functions of the system (3.3)
may be represented in the form (3.5), where

RN £ (£ NPT
03 =0 " g 0O

)y (3.7)
PF(T) = o E\ (= dn(0 — 1) i*)(6 — )7 !

E(A;v—1)

k=12..Yand p*=14+v—p
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Proof. 1. If we substitute o=, f=g=3+v—pu (e, a+f~2=1+v)
and /. = /., where 7, is a zero of E\,(—0’z; 1 +v), in the identity (3.1) of
Lemma 3.1, then we obtain the identities

Jm E(—Tzip) ]El,r'l(_;~k(a_ )% Ao —1) dr

0

E (—a’z; 1 +v
= _Bel=os ey o o,

T— A

Now formula (3.6) of the lemma follows from the definition (3.2) of the
system {w.(z)} /.

2. In order to establish formula (3.7) we first set A =0 and then set
4= 4, in the identity (3.1"). Further, using the definition (3.3) of the system
{w¥(z)}; we obtain formula (3.7).

Let us define the two following functional systems on the interval (0, g):

{E (=250 0 1y =te (i) ), (3.8)

I

{E (=) 0 g = te dn i)y (3.9)
where 4, =0 by definition.

It is easy to see that e,(r;4,)=r" "/I'(u), and the functions of both
systems (38)—(3.9) belong to L (0, o) for x>0 and belong to L,(0, ¢} for
u> 4

Noting that all functions of the systems above are real valued, we prove

THEOREM 3.1.  The systems (3.6) and (3.8), like (3.7) and (3.9), are
biorthogonal on (0, a). In other words,

Jm e“(,r; /:.,,) Q1) _ {():,,_k; mk=1,2,.., (3.10)
0 E’H(T; /'n) q)/:k(r) ()Il.k;nikzo’ 1* 27
Proof. Let us set z= 4, in the integral representation (3.4) of w,(z).

Since formula (1.26) of Lemma 1.1 easily implies w,(4,) =0, .(k, n = 1), we
obtain the first part of (3.10). In order to establish the second part of
(3.10), we set first kK =0 in the representation (3.5) and note that by (3.3),

ofiy)=wF0)=1, wF4,)=0 (n=1,2,.).

Therefore we obtain the second part of the formula (3.10), but for k=0,
n=0,1,2, only. Finally, for k=1 we have w}(4,)=0,, (k,n=1,2,...) by
(3.3) and using the representation (3.5) again we complete the proof.
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3.2. Now we pass to proving expansion theorems with respect to the
biorthogonal systems introduced above,
{e )iy, {odn)}y (3.11)

and

e A}s, ek (3.12)

THEOREM 3.2. Let {},}7 < (0, +20) be the sequence of the zeros of

ENzv)=E n(—0’z; L+ V) 0<v<?2). (3.13)
Further, let

T<u<3, —3<v—pu< -3 (3.14)
Then

1. In L,(0, o) metric the series of the form

o(1)= Z ap(t) (3.15)

k=1

establish a one to one continuous mapping of the space 1>~ of sequences

{a,} 7 with finite norm

X

1/2
“{“A}H\z,z(un:< Y +k)2(””lakl2> <+ (3.16)

k=1

onto the space of functions @{t)e L,(0, 0). Here the coefficients of the series
(3.15) are determined via the formula

"k:f:‘f’(’)"u(“ iydi (k=1,2,.) (3.17)

and we have the rwo-sided estimate

101l 20,00 = @k} 7 22 1) (3.18)

2. In Ly(0, o) metric the series of the form

e(t)= Y bre,(t; ;) (3.19)
k=1
establish the same map of the space I**' ~*) of the sequences {b,} onto the

spaces of all functions ¢(t) € L,(0, 6). Further, the formula

be=[ oodnd  (k=1.2..) (3:20)
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and the two-sided estimate

”‘PH[.;(U«:)" H{b/\}ll EEY 1) (3.21)
hold true.
Proof. 1. By Theorem 2.1, if p=2 and

ve(w, I +w)n [0, 2), —l<w<l, (3.22)

then the series of the form
P(z)= )Y a,mz) (3.23)
k=1
establishes a one to one continuous mapping of />~ " onto W34, where
{w,(z)}{ is the system (3.2) of entire functions in W7y, and p=w+3.
Hence the conditions (3.22) and (3.14) are equivalent.
Further, Theorem 2.1 and the interpolation properties (3.2") of {w(z)}

imply
H(D”;(.mx H {ak}]’ ”2.1 t 2 (p(;“k):ak (/‘: 1»2’) (324)
On the other hand, in view of Theorems II and III (see Sect. 0) the formula

D)= Ea(—ztsp) v o) e (3.25)

~0

gives a one to one continuous mapping of Wty onto L,(0, ¢), and
(DII¥,, = HCPHLQ(U.M’ ll:(f)+%- (3.26)

Now the two-sided inequality (3.18) of the theorem follows from (3.24)
and (3.26) because 1 + 2w =2(u — 1). Since the spaces />**~ " and L,(0, o)
are therefore homeomorphic, the proof of (1) will be completed if one notes
that (3.24) and (3.25) imply

D4 )= ax

= [ En—irip) e el d
4]

=L e i) omdr  (k=1,2.).
2. Now we consider the systems

euna)iy, {80}y, (3.11")
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putting
Gt =(1+k) " Foulr),  efni)=(1+k) Ter;4) (327)

(k=1,2,.). Tt is obvious that the systems (3.11"), as (3.11), are also
biorthogonal on (0, o). Further, the above proved assertion (1) of the
theorem will take the following form. The series of the form

G, Pr(T) (3.15")

1

o(t)=
k

1 18

gives the same mapping of L,(0, ¢) onto the space /* of sequences {d,}:*
with norm

o 1/2
||{dk}fnz=(z w) < 4o

k=1

Further, instead of (3.17) and (3.18) we have

a=[ oer)d (k1)

lell £2(0,6) 7= 1 {5,(}?0“2.

Therefore, the system {@,(t)} is a Riesz basis for L,(0, ¢). Hence by a
well-known theorem (see, for example [7, Chap.6, Sect.2]) the
biorthogonal system to this is also a Riesz basis. Using this fact and return-
ing to the system {&,(t; A,)}{° we complete the proof of 2.

THEOREM 3.3.  All the assertions of Theorem 3.2 are also valid for the
biorthogonal systems (3.12)

{eu(r;/lk)}gca {(p;:(,r)}go’
if the conditions (3.14) are replaced by

lap<s, —t<v—p<i (3.14"

Proof. 1t is a copy of the proof of Theorem 3.2 above. We must only
replace the use of Theorem 2.1 by the use of Theorem 2.2, where the con-
dition (2.18) for p=2 takes the form ve(l+w,2+w)n[0,2)
(—1<w<1). Finally, we again have y=w + 3 and hence the conditions
(3.14’) establish the validity of the theorem.

In conclusion we give some especially interesting particular cases of the
expansion theorems.
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THPORPM 34, Let {Ay}) <0, + ) be the sequence of the zeros of
E (- o3z; 1 4+ v), where ve (L, 3). Then, after suitable normalizations. the

biorthogonal systems
{sm Vo t} g
N/

(3.28)
{ 2 AT —ho— i+ )}‘
- F (= A6 — 1) v
Eix(—0 A5 v) 12 g 1
and
{cos\/Zr}gg
(3.29)

{va"(a 0 {%—“"L Eon(—ilo— )% »}}

E (=074 v) |
form Riesz bases for L,(0, o).
Proof. Let us see that for u=2 (resp. u = 1) we have
hy/z
> \//_ (resp. £, »(z )—chf

VS

E 5(z;2)=

Further, if ve(},3), then for u=2 (resp. u=1) the condition (3.14)
(resp. (3.14")) of Theorem 3.2 (resp. 3.3) is satisfied. Hence the theorem
follows from Theorem 3.2 (resp. 3.3) using the definitions (3.6), (3.7), (3.8),
(3.9) of the biorthogonal systems (3.11) and (3.12).

Finally, let us see that for v=1 the zeros of

: T 2
NG NC R :<5 k) (k=1,2.).
s
In this case, of course, after simple renormalization, the systems (3.28)

and (3.29) become the well-known systems which are orthonormal and
closed in L,(0, o)

2 nk 1™ 1 2 nk )7~
{\/;sm—z‘—t}l, {\ﬁ,{\/ECOSFI}I } (3.30)

Finally, we give the following theorem which is a corollary of the expan-
sion Theorems 3.2 and 3.3.
THEOREM 3.5. Let {A,} 7 be the zeros of E,,(—5%z; 1+ v):

. ve(w, 1 +w)n{[0,2), —1<w<]; then, after suitable normali-
zation, the functional system

{15‘1/2(_/4 t l’t)}lxv N:w_'—i’
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forms a Riesz basis for the weighted functional space

a

L1+20(0, 0'):'[0 ()2 '+ df < + 0.

2. Ifvelo+1,w+2)n[0,2), then, after suitable normalization, the

Sfunctional system

{El/z(_'{ktz;#)}(;o (4o=0)

also forms a Riesz basis for L)*%*(0, o).

1.

2.
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